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ABSTRACT: A representation of polymer backbone structure based on concepts of differential geometry 
is constructed. This representation reflects the influence of both short- and medium-range interactions. It 
is demonstrated that various types of ordered backbone structures are well characterized in terms of the 
differential-geometric representation. Bends, in particular, are classified in a very natural way in this picture. 
It is then shown that the differential-geometric representation provides a useful and objective method for 
comparing protein conformations. This method requires no optimization or model building and provides 
chain plots which indicate changes in folding in the neighborhood of each residue of the protein molecule. 

I. Introduction 

The comparison of protein conformation is of consid- 
erable current interest, both as a basis for the study of 
evolutionary relationships between proteins3 and in 
connection with the physical chemistry of protein con- 
f ~ r m a t i o n . ~ - ~  Such investigations depend on the availa- 
bility of an accurate criterion for judging the degree of 
similarity between two protein conformations. The index 
used in most recent ~ t u d i e s ~ - ~  has been the root-mean- 
square deviation (RMSD) of interatomic distances between 
the two conformations. It is becoming increasingly clear, 
however, that this is an unsatisfactory criterion for 
comparing two conformations. For example, Hagler and 
HoniglO generated conformations of the small protein 
Bovine Pancreatic Trypsin Inhibitor with low RMSD 
relative to the native conformation but with incorrect 
folding; as a consequence, they pointed out that  an 
“acceptable” RMSD does not guarantee that the topology 
of the chain is represented correctly. 

Another method which has been used3 for comparison 
of conformations is that  of optimal superposition of the 
two conformations. This shares the disadvantage that the 
resulting index of quality is a RMSD. I t  is also possible 
to compare distance which, in principle, contain 
all the necessary information about the conformation. 
They are, however, extremely difficult to relate to the 
actual folding of the protein. Evidently, a better method 
of comparison is required. 

In considering the question of the comparison of two 
structures, a number of points should be made. First, it 
is unreasonable to expect that  conformational similarity 
(or the lack thereof) can be represented adequately by a 
single number. Such a number can be only an average 
quantity, lacking in sufficient structural content to enable 
meaningful comparisons to be made. 

Second, in comparing two conformations, side-chain 
atoms are of secondary importance. The primary re- 
quirement for conformational similarity is backbone 
similarity. Thus, the inclusion of side-chain data in the 
computation of parameters of similarity tends to obscure 
the real quality of the fit. Therefore, in seeking a method 
of comparison, we shall confine our attention to comparing 
backbone conformations. It should be noted, however, that 
the correct specification of backbone folding will severely 
limit the possibilities for side-chain conformation, and is 
therefore a more stringent criterion for molecular similarity 
than it a t  first seems. 

Finally, it should be noted that the term “topology of 
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the chain”, as we have used it above, and as it is frequently 
used in the context of the present problem, is not ap- 
propriate. The presence of disulfide bridges, which in- 
troduce topological diversity to protein structures, can be 
regarded as a consequence of the correct juxtaposition of 
the appropriate cysteine residues, which is governed by the 
conformation of the un-crosslinked chain. Therefore, in 
discussing the backbone chain itself, we shall disregard 
disulfide bonds. With the neglect of the disulfide bonds, 
it follows that all single-unit protein molecules are simple 
unknotted curves and therefore are topologically equiv- 
alent. They can be compared, however, to space curves 
of different forms. Hence, an appropriate mathematical 
framework for the description of such curves is not to- 
pology but differential geometry. 

In this paper, we shall develop a representation of 
polymer chain conformation based on concepts of dif- 
ferential geometry. We shall see that this description 
provides a straightforward method for comparing con- 
formations. It also provides a local description of the chain 
which reflects both short- and medium-range order. I t  is 
therefore of interest in connection with the development 
of protein folding algorithms. 

11. Differential Geometry of Polymer Chains 

Classical differential geometry (CDG)”,” deals with 
continuous space curves. In order to describe such a curve 
without reference to an external coordinate system, a local 
reference frame is constructed a t  each point of the curve. 
The three unit vectors which comprise the local frame a t  
a given point are the tangent, the principal normal, and 
the binormal. The limiting processes by which these 
vectors are determined at each point of the curve guarantee 
that the orientation of the local frame reflects the structure 
of the curve in the neighborhood of the point of interest. 

Once the concept of the local frame is defined, it is 
possible to specify the curve completely in terms of two 
functions of the arc length s, K ( S )  and T ( s ) ,  the curvature 
and torsion. These functions are defined in terms of 
derivatives of the tangent and binormal vectors, respec- 
tively, with respect to arc length; i.e., they measure the rate 
of change of the direction of the tangent and binormal, 
respectively, when moving along a curve. The reader is 
referred to standard on differential geometry for 
a full discussion of these concepts. 

We wish to use similar ideas to develop a formalism for 
the description of polypeptide chains. We must therefore 
adapt methods that are used for continuous curves to make 
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Figure 1. Virtual-bond representation of the polypeptide chain, 
showing the definitions of the virtual-bond angles 8, and the 
virtual-bond dihedral angle for rotation y,. 

them applicable to the treatment of an ordered set of 
discrete points in three-dimensional space. 

As a preliminary, we define our view of the polypeptide 
chain. It will be most convenient to adopt the virtual-bond 
representation of the backbone, in which the C" atoms of 
successive residues are considered to be connected by 
imaginary bonds (Figure 1). We shall assume that the 
peptide groups are in the planar trans conformation; hence, 
the virtual bonds are of uniform length (however, in using 
X-ray data on proteins, the observed virtual-bond distances 
will vary somewhat because of departures from the 
idealized geometry assumed here). The relation between 
the virtual-bond angles 0 and bond dihedral angle y and 
the traditional backbone dihedral angles 4 and $ has been 
given e1~ewhere.l~ 

The first step in the formulation of a differential-geo- 
metric description of a polypeptide chain is the definition 
of the tangent vector a t  any point of the set, i.e., a t  any 
C* atom of the chain. In the differential geometry of 
continuous curves, the tangent is defined as dX/ds, where 
X is the position of a point on the curve and s is the arc 
length along the curve. (The direction of the tangent is 
specified by the sense of the arc length.) We therefore 
might have defined the tangent as a unit vector propor- 
tional to r,+l - ri, where r, is the position of the ith point 
in the set of C"'s. Indeed, this would lead to the standard 
virtual-bond representation based on the virtual-bond 
angle and virtual-bond dihedral angle. We shall choose 
an alternative definition of the tangent a t  Cai-one which 
includes information about the structure of the chain in 
the entire neighborhood of the point of interest, viz., the 
two neighboring points, i - 1 and i + 1. Our definition has 
the added advantage that the tangent line (but not its 
direction) remains constant if the direction of the chain 
is reversed. The resulting tangent also corresponds to an 
intuitive picture of the tangent at  a point, in that it makes 
equal angles with the two virtual-bond vectors associated 
with the point i (in the assumed idealized geometry?. 

We therefore define the unit tangent vector at  the point 
c*, by 

The caret denotes a unit vector, and 
v, = r, - ri-l (2) 

is the ith virtual-bond vector. 
In order to define the unit principal normal a t  C",, we 

must first define the osculating plane a t  that  point. By 
analogy with CDG, we define this as the plane determined 
by the points i - 1, i, and i + 1. The unit principal normal 
a t  C", is then defined, up to a sign, as the unit vector in 
the osculating plane which is perpendicular to the tangent. 
We shall determine the sign by the intuitively evident 
requirement that  any chain segment lying in a plane have 
zero torsion. As will be seen below, the convention we now 

Figure 2. The local frame at C", for the case p L  = +1. If pi = 
-1, the directions of n, and b, are reversed. The osculating plane, 
defined by CY,, and is labeled 0, and the normal plane 
N. It should be noted that I, and ii, lie in the plane 0. 

prescribe satisfies this requirement. We define an auxiliary 
unit vector mL, along the principal normal, as 

lv, - V,+lI  I2r1 - I,-1 - r1+1I 

ii2 = m2 f o r i  = 2 (4) 

(3) 
v, - v,+1 - 2r, - rL-1 - r1+1 m1 = - 

We then take the unit normal a t  i as 

(where i = 2 is the first C" at  which a local frame can be 
defined) and 

ii, = plm, for 2 < i < N ( 5 )  
where N is the number of C"'s in the chain, and 

The quantity pi is fl, depending on the sign of the 
projection, m,.n,-l, of ml on nl-l. For physical reasons, m, 
is never perpendicular to n,-l; hence, pi is never zero. I t  
follows from the definitions in eq 1 and 3 that, for idealized 
geometry, 

P1.n1 = 0 (7 )  

I t  should be noted that local coordinate systems are de- 
fined a t  points i = 2, 3, . . ., N - l. 

The unit binormal is now defined by 
bL = P, x ii, (8) 

and the construction of the local frame is complete (Figure 
2) .  

It is now possible to define the curvature hi and torsion 
7, a t  any point. By analogy with the limiting process hy 
which curvature is defined in CDG," we write 

where xi is the angle between Pi and There are two 
conventions in general use for the sign of the curvature. 
In one, the curvature is positive everywhere. The other 
allows the curvature to change sign, for example, at  a point 
of inflection of a plane curve. We shall adopt an analogue 
of the second convention by setting 
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qi = pi sgn [ ( t i  x ii+l)*bi+11 (10) 
This definition, together with that of ui of eq 12, will insure 
a unique description of the chain in terms of the set of 
{ ~ i , 7 i ) ,  as will be seen below. 

In a like manner, we define the torsion a t  i as12 

cos-1 (bi.bi+l) uiyi 
(11) T i  = ui - 

where yi is the dihedral angle defined in Figure 1. The 
sign of ~i is defined by 

- -  
IVi+ l l  Ivi+ll 

ui = sgn (bi+l.fii) (12) 
I t  is readily seen that eq 4-6,8, and 11 guarantee that the 
torsion of any planar zig-zag chain is zero, as stated 
previously. In section 111, we shall discuss the relationship 
between (K i ,T i )  and parity (right or left handedness of the 
twist of the chain). 

I t  is clear from the foregoing considerations that ~i and 
~i depend on the coordinates of four Ca's (Cai-l - Cai+J,  
or alternatively on two sets of dihedral angles (q$,Gi; 
$i+l,J/;+l). Therefore, tii and ri reflect both short-range 
(single-residue) and medium-range (i  to i + 4) interactions 
along the backbone. I t  should also be noted that a subunit 
of the chain, consisting of four successive C"'s, is the 
smallest length of backbone over which the chain can be 
said to be folded. This is because the positions of three 
C*'s serve only to define a plane. In order to indicate how 
the chain continues out of this plane, the coordinates of 
a fourth C" are required. The (K ,T )  representation therefore 
relates directly to the elementary uni t  of chain folding. 

The various angles involved in the virtual-bond and 
differential-geometric descriptions of the chain can be 
shown to be related by the following equation (see Ap- 
pendix): 

cos wi cos wi+l cos yi = pipi+l(sin 0; sin wi+l - cos xi) 
(13) 

where pi is defined in eq 6 and wi = Oi/2 of Figure 1. 
Several points can be deduced from eq 13. First, it may 
be noted that this is an equation for wi+l in terms of ai, 
xi, and yi. I t  implies that, for a given xi and yi (Le., for 
a given curvature and torsion), there is no unique value 
for wi or wi+l; Le., wi and wi+l can vary (within limits given 
by eq 13) for a given curvature and torsion. The relation 
between and wi depends on xi and yi. I t  follows that, 
if well-defined values of xi and yi characterize given types 
of ordered backbone structure, then a range of wi+l and 
wi can be tolerated. In section 111, we shall see that various 
types of ordered backbone structure do indeed have 
characteristic values of x and We can therefore 
understand the observation15 that no correlation could be 
found between backbone structure and virtual-bond angle. 

Second, for given wi, xi, and yi, there are in general two 
solutions for in the allowed range13 of 0's. The 
question of uniqueness, therefore, is raised: is it possible 
to reconstruct the chain uniquely, given the complete set 
of ( K ~ , T ~ ) ?  In fact, all ambiguity in reconstructing the chain 
is removed by the choices that we have made above for the 
signs of K and T. As we remark in the Appendix, the two 
solutions of eq 13 for given Bi, xi, and yi can be denoted 
as Oi+l(+) and Oi+l(-). Then the sign convention of eq 10 leads 
to correspondence between qi = -1 and Oi+l  = Bi+l(+) and 
between qi = +1 and Bi+l = Oi+l(-). 

From the above remarks, it is clear that, if the set of { K ; , T ~ )  

is given, it is necessary to specify one virtual-bond angle, 
say B 2 ,  the first along the backbone, in order to define the 
backbone coordinates uniquely; for, if w2 is given, w3 is 
determined, and so on down the chain.16 The possibility 

1 
I 

4 
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exists that there might be classes of conformations, which 
we denote by c ( { K L , T , ) ; 0 2 ) ,  with identical curvature and 
torsion, but with different 02. Such similarities would not 
always be made apparent by conventional comparison 
techniques, which deal only with coordinates. In com- 
paring two conformations of a given protein, it is im- 
probable that pairs of this type will occur. The extremely 
complex and precise f i t  between different parts of the 
molecule make it unlikely that two overlap-free confor- 
mations of the same protein can exist with the same set 
of {K,,T,) and with different 02. However, such a possibility 
does exist when comparing conformations of two different 
protein molecules; in such a case, the values of O2 should 
be presented together with { K ~ , T ~ ) .  It  is intriguing to ask 
whether there exist sets of proteins which, in their native 
conformations, are not manifestly similar in coordinate 
space, but are nevertheless members of a class c( (KZ,T , ] ;02) .  

We know of no such examples a t  present, but the idea is 
presented as an interesting speculation. 

111. Identification of Backbone Structural 
Regions in   ti,^) Space 

Having outlined the differential-geometric description 
of the chain, we can now examine the distribution of the 
amino acid residues in ( A , T )  space, and attempt to correlate 
the values of ( K , , T , ~  with the presence of different types of 
backbone structures. For this purpose, we have calculated 
values of ( K , , T ~ )  from the X-ray coordinates of a set of 13 
proteins considered in a previous study." 

In Figure 3 we show the distribution of all residues in 
the sample plotted in intervals of 0.1 radian/A. Before 
discussing this distribution, it is necessary to consider the 
relationship between the DG representation and parity 
(right or left handedness of local structure) in order to be 
able to specify the twist of the chain from a knowledge of 
( K z , ~ z ) .  

We define an angle A, by 

where hi is the angle between vi+l and ti. Then we can 
distinguish two possible situations: Xi > xi or Xi < xi. For 
each case, there are two possible signs for ~ i .  These four 
possibilities are shown in Figure 4. For given values of 

0 5  0 0 5  
Torslon, T ( R o d i a n s / i )  

Figure 3. The distribution of residues in the sample of 13 proteins 
in ( K , T )  space, shown as the number of residues in each interval 
of (0.1,O.l). 
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Table I 
Parity Relationshipsa at Residue i 

I \ I \ xG (,J 
\ 
\ 
\ 

\ 
\ 

( C )  ( d )  

Figure 4. Views, looking backward along f ,  (represented by the 
central black dot) toward C",. The heavy line is vLtl (whose 
magnitude is 3.8 A), terminating in is directly behind 
Caltl; the observer is therefore in 0,, the osculating plane associated 
with C",. By the definition of curvature (eq !), Calt2 must lie on 
a cone r, withapex at C", (and whose axis is tJ, which makes an 
angle x, with t,. The circles are cross sections of this cone in a 
plane Q which is perpendicular to f ,  and includes Caltl. Cnitp must 
also lie in a plane O,tl determined by the torsion at C",. The 
dashed lines represent the intersection of this plane with Q. These 
two conditions, together with the length of the virtual bond, limit 
the position of CUlt2 to two possibilities. These are two points, 
one on each of the two straight lines which iogether form the 
intersection of r, and By definition, tItl lies on rL. It 
therefore can be seen by inspection that the sign convention of 
eq 10 distinguishes between these two points. By imagining the 
various possible positions of for the four cases shown, and 
by making reference to molecular models, the results of Table 
I are easily confirmed. It should be noted that, in (a) and (b), 
x, < A,; in (c) and (d), x, > A,. In (a) and (d), T [  is negative; in 
(b) and (c), T ,  is positive. 

x, and T,, there are two possible directions for v , + ~ .  These 
are characterized by different signs for K ,  (as pointed out 
above), corresponding to the smaller or larger value of OLtl. 
Inspection of Figure 4, with the aid of a molecular model, 
reveals tha t  the parity of the structure of the chain at a 
given residue is related to the signs of K ,  and T ,  as shown 
in Table I. From eq 14 and the known limits13 on 0, i t  
is seen that 17.5' < A < 52.5'. From this and the definition 
of K ,  (eq 9), together with the length of a virtual bond (3.8 
A), the following correspondences can be made: 

if I K J  < 0.08: then x, < A, 

and 
if I K , (  > 0.24, then x, > A, (15) 

For the region 0.08 < I K , ~  < 0.24, the relationship between 
x, and A, is indeterminate without additional information 
(i.e., the value of 0,). From Table I, we see that the parity 
is independent of the relation between x, and A, for K~ < 
0 (4 ,  = -1); thus, this indeterminacy arises only for the case 
K !  > 0 ( 4 ,  = +1) (see Figure 5 ) .  Thus, the parity a t  most 
residues can be determined by inspection of their values 
of (K,,T,), and this information is used in identifying the 
backbone structures that occur in various regions of (K, ,T,)  

space. 
Instead of using the composite distribution of Figure 3, 

we consider the different types of ordered backbone 
structure (viz., extended structures and a helices) sepa- 
rately. In order to  locate the regions in ( h , T )  space cor- 
responding t o  these ordered structures, the assignments 

Xi > hi Xi < hi 
ui ui 

t1 -1 4i +1 -1 4i 
+1 R L +1 L R 
- 1  L R -1 L R 

a As shown in section 11, positive and negative values of 
qi correspond to the smaller and larger values, respectively, 
of e i+ l .  With this information and the sign of the torsion 
(i.e., of ui) (see Figure 4), and the use of a molecular 
model, it is possible to deduce the direction of twist of 
the chain, and hence the entries in this table. 

I -0 5 
"d 

B 
(0 c 0 

- 
r o  
? 

: - 

' 0 5 1  R l  ' 0 5 1  

- 0 5  0 0 5  
Torsion. r ( R a d m s / i )  

Figure 5. The regions of different parity in ( K , T )  space, de- 
termined by Table I together with eq 15. In the region marked 
"indeterminate", parity cannot be determined solely from a 
knoweledge of ( h , T ) .  

of conformational states by Maxfield and Scheraga18 were 
used. 

In Figure 6, the values of (K,,T,) for 82 interior residues 
from a-helical regions are shown (the interior residues 
comprise all but the first and last residues of each helical 
segment). It can be seen that the right-handed a-helical 
region is very localized and well defined at 0.3 < K ,  < 0.4, 
0.5 < T ,  < 0.7. The three residues with -0.3 > K ,  > -0.4 
are probably mislocated because of inaccuracies in the 
X-ray data, which tend to cause reversals in the sign of K ,  

and changes in the values of T,. The effect of experimental 
error on the signs of K~ and the values of T ,  will be con- 
sidered further in section IV. 

This behavior is to be contrasted with that exhibited by 
the values of (K,,T,) for 173 interior residues from extended 
structures, shown in Figure 7 .  There is a very wide 
variation in ( K , T )  for extended structures, which permits 
the chain to be both left-handed and right-handed a t  
specific residues (although there is a clear preponderance 
of right handedness a t  those residues which fall in the 
determinate region). The breadth and variation of ( K , T )  

in extended structures undoubtedly reflects the wide limits 
used to  define the extended region in (@,$I space.18 
Reference to Figure 5 reveals that residues in this region 
are mostly right handed, which reflects the w e l l - k n ~ w n ' ~  
right-handed twist found in @-pleated sheets. 

We consider next the question as to whether bends in 
proteins are well-characterized in ( K , T )  space. In order to 
investigate this question, we use the data of Isogai e t  aLZ0 
to locate 82 single bends in eight of the thirteen proteins 
in our sample and classify them by bend type.21 The result 
of this classification is exhibited in Figure 8. A bend is 
considered to  be composed of the C*'s at positions i - 1, 
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t 1 
'keccr, 

-""I 
-04c 

5 -0.2 
B t 
- 1  

o.+ 

. .  .. 

.* . . 
i 
i 
1 

-0 5 0 0 5  

Torsion, T ( R a d i a n s /  ) 

Figure 7. Values of (h,,rI) for 173 residues in the interior of 
extended structures. 

i, i + 1, and i + 2, and ( K ~ , T , )  is plotted. The values very 
clearly fall into two principal regions, delineated roughly 
by -0.4 < K ,  < -0.3, -0.2 < T~ < 0.1 and 0.3 < K ,  < 0.4, 0.5 
< 7, < 0.7. We shall refer to these as low-torsion and 
high-torsion bends, respectively. The high-7-bend region 
corresponds essentially to the a-helix region (see Figure 
6), and it is therefore understandable that most of the 
points in this region represent type I bends (for which 
residue i is in the right-handed a-helical conformationz1). 
It should be noted that some type I11 and type IV bends 
are also found in this region. There is a small mirror-image 
region with negative torsion in the left-handed a-helical 
region; it is composed primarily of type 111' bends, which 
are expected to fall in this area since both central residues 
of a type 111' bend are in the left-handed a-helical con- 
formation.21 The low-7 region contains bends of all types. 
The ratio of right- to left-handed bends in this region (see 
Figure 5) is about 2:l. There is one type VI bend2* at  about 
(-0.7, -0.3), representing a cis peptide group of a proline 
residue at  position i + 1. 

The negative curvature and low torsion of the low-r 
bends indicate that they are characterized by a relatively 
large value of 0, and an essentially planar structure. The 
high-7 bends have lower values of 0, and are twisted out 
of the plane. I t  would appear that  the diffe-ential-geo- 
metric approach provides a somewhat ma 3 1  2 natural 
classification of bends than the approach baLc d on (4,+) 

c 0 

u t  

Type I A 

Type n 0 

Type m . 
TvoelX! . 

d i e.,. A 

I I I I I I  
-0 5 0 0.5 

Torsion , r ( R a d i a n s l A I  

Figure 8. Values of ( k l , T L )  for residue i in 82 bends defined by 
ca,&Y,+2. 

values. The overwhelming majority of bends fall into only 
two classes. 

I t  was of interest to determine if the values of ( K ~ + ~ , T ~ + ~ )  

of bends also fall into a natural classification. These values 
were therefore plotted for the same set of bends. The 
results, shown in Figure 9, suggest that the values of 
( K , + ~ , T ~ + ~ )  do not characterize bend structures very well. 
Perhaps this is to be expected, since these values reflect 
the position of and therefore represent the rela- 
tionship between the bend itself and the structure which 
continues the chain. Only one marked regularity emerges 
from the figure, viz., that T , + ~  > 0 preponderates for type 
I1 bends. 

A comparison of Figure 3 with Figures 6-8 indicates that 
the region with 0.1 < I K J  < 0.3 is primarily the province 
of residues in nonregular structures. The relative absence 
of regular structures from this region (Figures 6-8) sup- 
ports this conclusion. Although there is some spillover of 
extended structures into this region, they are undoubtedly 
in the minority. 

IV. Comparison of Conformations 

In order to investigate the utility of the differential- 
geometric representation for the comparison of confor- 
mations, it was decided to compare two sets of X-ray 
coordinates of the same protein, which had been shown 
independently to be folded similarly. In this way, it is 
possible to obtain an estimate of the limits which can be 
considered to represent "identity" of conformation, and 
of the sensitivity of the method to conformational dif- 
ferences. For this purpose, we chose cytochrome c, which 
can be crystallized in both oxidized and reduced  form^.^^,^^ 
In the oxidized form, the crystal has two molecules per unit 
cell; these are designated as the inner and outer molecule 
of the cell. I t  has been d e m ~ n s t r a t e d ~ ~  qualitatively that 
the folding of the backbone of all three forms is similar. 

We therefore calculated ( K ~ , T J  for cytochrome c oxidized 
inner (CYTI) and cytochrome c reduced (CYTR), and 
made plots of the differences between their curvatures and 
torsions ( K ~  - K R , ~ I  - T ~ )  as a function of position in the 
chain (see Figure 10). If the conformations are identical, 
these difference functions should be equal to zero at every 
point. Inspection of the chain plots reveals long stretches 
of good agreement, punctuated by points (values of the 
residue number) at  which there are larger differences in 
K and T. I t  should be noted that the deviations in K and 
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Figure 9. Values of ( K ~ + ~ , T , + ~ )  for the same set of bends as in 
Figure 8. 
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Figure 10. Comparison of CYTI and CYTR (see text). In this 
plot, algebraic values of K ,  and T~ were used. 

those in T are completely correlated; i.e., they occur at  the 
same residue. These are due to differences in local 
structure at  these points, which are certainly to be ex- 
pected, given the experimental uncertainties in X-ray 
crystallography. I t  is also possible that these may be real 
differences in conformation. The degree of scatter about 
zero in the regions of good agreement is somewhat larger 
for the TI  - T R  plot than for the KI  - K R  plot. This suggests 
that  T ,  is somewhat more sensitive than K ,  to atomic 
displacements. 

In order to understand the deviations in these chain 
plots more fully, we plotted the differences in absolute 
values of the curvature and torsion ( 1 ~ ~ 1  - ( K R ( ,  1 ~ ~ 1  - ITRI) 
in Figure 11. It  can be seen that the deviations in cur- 
vature are thereby almost eliminated, whereas those in 
torsion remain. This indicates that  differences in C" 
positions tend to affect the value of T and the sign of K .  

In future work, it is planned to calibrate the method by 
studying conformations with systematically introduced 
differences. I t  is readily seen from the present results, 
however, that  the differential-geometric method is quite 
sensitive to changes in local folding, and is therefore useful 
for comparison of conformations. 

The  advantage of using ( K ~ , T J  to compare protein 
structures, rather than the more traditional methods (e.g., 
optimal superposition of two structures), can be illustrated 
readily. Consider two conformations which are identical, 
except for a rotation about one bond in the middle of the 
chain of one. The effect of this rotation will be to produce 
a molecule with two domains, each of which is identical 
to the corresponding domain of the other conformation. 
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Figure 11. The same comparison as in Figure 10, but using 
absolute values of K ,  and T,. 

We now imagine that we are trying to compare them by 
the method of superposition. We therefore rotate one 
rigidly relative to the other until the optimum overall fit 
is achieved. We then calculate the root-mean-square 
deviation between the two conformations. This will be 
quite high, despite the identity of the two domains, because 
of the impossibility of superimposing the two molecules. 
However, plots of (K,,T,)  as a function of position in the 
chain will show complete identity except at the one residue 
where the rotation was performed, and perhaps in its 
immediate neighborhood. Furthermore, there is no need 
for any optimization or model building. The method is 
sensitive to changes in folding, and provides chain plots 
which illustrate these changes at every residue of the 
backbone, rather than providing only a single number. 
Differences between conformations therefore can be 
pinpointed, and their precise nature identified. 

V. Conclusion 

A description of polymer chains based on differen- 
tial-geometric considerations has been formulated and 
applied to the backbones of protein molecules. The re- 
sulting representation reflects the short- and medium- 
range structure at  each residue, and provides well-defined 
descriptions of the various types of ordered backbone 
structures. Its usefulness for comparing protein confor- 
mations has been demonstrated. 

I t  is of interest to point out that  the differential-geo- 
metric representation is likely to be useful in protein 
folding algorithms [applied in ( K , T )  space], because of its 
unique ability to incorporate medium-range interactions 
in a straightforward manner. In this connection, we are 
now studying the differential-geometric properties of the 
various amino acids, and the relationship between side- 
chain conformation and differential geometry. 
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Appendix. Derivation of Equation 13 

We begin by noting that the vector w,, defined by 
w, = PI(Vltl x VI) ( A l l  

(with pL defined in eq 6) is parallel to bL, so that 
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W,’W,+l = IW,1IWI+11 cos YL (A2) 
(v, is the virtual-bond vector defined in eq 2). We also 
define the vector 1, by 

(A31 

644) 

( -45)  

(-46) 

(-47) 

1, = v, + v,+1 

114+1 = IlIllll+ll cos X I  

W,*W,+l = P,P,+l(V,+l x V,)’(V,+Z x V ‘ + J  

v, = 1, - VI+1 

By definition, 1, is parallel to I,, so that 

From the definition in eq A l ,  we can write 

Equation A 3  can be rearranged to 

Using eq A2, A5, and A6, we obtain 

PIP,+l(V,+l  x 1 , )4 ,+1  x V , + J  = IW,IIW,+ll cos YI 

I W , ~  = lvI2 sin ( A  - 8,) = IvI2 sin 8, (A81 

where !VI is the length of a virtual bond, and is a constant 
equal to 3.8 A, and 8, is the virtual bond angle defined in 
Figure 1. 

The dot product on the left-hand side of eq A7 can be 
expanded, using standard vector identities. The result, 
together with eq A4 and A8, gives 

But 

lvI4 sin 8, sin e,+, cos y, = 

8,+1 8, 
sin 1 sin - - cos x1 2 

From the law of cosines, we have 
11f = 2(v(2(1 - cos 8,) (A10) 

Insertion of eq A10 into eq A9, and the use of standard 

cos wi cos w , + ~  cos y, = p,p,+l[sin w ,  sin w r f l  - cos x,] 
trigonometric identities, gives 

( A l l )  
where w ,  = 0,/2. Equation A l l  is eq 13. 

sin = 
This equation can be solved for The result is 

[sin w,  cos xi f cos 7, cos w,(cos2 y, cos2 o, - cos2 xi + 
sin2  sin^ w, + cos2 yL  cos2 w,] (A12) 

The two solutions can be designated as olil(+) and w,+~(  I, 
in correspondence with the sign chosen in eq A12. It is 
then the case (and numerically demonstrable) that  q L  = 
-1 corresponds to = w,+~(+ )  and q, = +1 corresponds 
to = The virtual bond angle is then 
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